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Let Tbe a tournament and let c :e(T)--> {1 . . . . .  r} be an r-colouring of the edges of T. The 
associated reachability graph, denoted by R(T, c) is a directed graph whose vertices are the 
vertices of T, and a vertex v of R(T, c) dominates a vertex u of R(T, c) iff there is a 
monochromatic directed path in T from v to u. 
In this paper we investigate properties of the reachability graph of edge coloured 
tournaments. 
1. Introduction 
In [5] Sands, Sauer and Woodrow proved the following theorem. 
Theorem (S.S.W.). If T is a tournament whose edges are two coloured, then there 
exists a vertex vl of T which can be reached from all other vertices by 
monochromatic directed paths. 
Moreover, they stated the following conjecture. 
Conjecture (S.S.W.) (Erd6s also conjectured this). For each r, there is a least 
positive integer f(r) such that every finite tournament whose edges are coloured 
with r colours contains a set S of f(r) vertices with the property that for every 
vertex v not in S there is a monochromatic path from v to a vertex of S. In 
particular, is f(3) = 3? 
Our paper is motivated by the above theorem and conjecture. It is natural to 
introduce the following definition. 
Definition 1.1. Let T be a tournament and let c:e(T) - ->{1, . . . ,  r} be an 
r-colouring of the edges of T. The associated reachability graph, denoted by 
R(T, c) is a directed graph whose vertices are the vertices of T, and the vertex v 
of R(T, c) dominates a vertex u of R(T, c) iff there is a monochromatic directed 
path in T from v to u. 
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From now on we will understand that "c is a colouring of T" to mean "c is a 
colouring of the edges of T". 
Remark 1.2. Clearly, every tournament T is a subgraph of R(T, c) for any 
colouring c of T. 
Remark 1.3. If T is the transitive tournament, hen R(T, c) is equal to T for any 
colouring c of T. 
Remark 1.4. Let T be a tournament on n vertices and let c be a 2-colouring of T. 
Applying the S.S.W. Theorem to T we obtain a vertex vl and applying this 
Theorem again to T\Vl, we obtain a vertex v2. Continuing this procedure we can 
arrange the vertices of T in a linear order. Thus the transitive tournament TT~ is a 
subgraph of R(T, c). 
Remark 1.5. Let T be a tournament on n vertices and let c be the trivial 
1-colouring of e(T), then T is called strongly connected iff R(T, c) is isomorphic 
to K*, the symmetric directed complete graph on n vertices. 
Fixing a positive integer r, it turns out that, on the one hand there are 
tournaments T such that for every r-colouring c of e(T) the reachability graph 
R(T, c) has much more edges than T, and on the other hand there are 
tournaments T for which there existsan r-colouring c, such that R(T, c) ~ T. To 
be more precise we introduce the following definitions. 
Let r and s be positive integers and c~ a real number 0 ~< tr < 1. 
Definition 1.6. The set ~r is defined as the set of all tournaments T for which 
there exists an r-colouring c of e(T), such that R(T, c) = T. 
Definition 1.7. The set ~(s )  is defined as the set of all tournaments T having the 
property that for every r-colouring c of e(T), the reachability graph R(T, c) 
contains Ks* as a subgraph. 
Definition 1.8. The set 3-r(a 0 is defined as the set of all tournament T,., having 
the property that for every r-colouring c, of e(T), the reachability graph R(T, c) 
contains more than (~)(1 + re) edges. 
Remark 1.9. (a) Ok ~_ 9 / i f  k ~< l; 
(b) ~(s )  ~_ ~,(t) if s ~< t; 
(c) $-r(tr)~_ $-~(fl)if a~<fl. 
Remark 1.10. If T $ ~,  then T ~ Rr(2). 
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Remark 1.11. By Tur~in's Theorem it follows that if T e 9-r(1- e), then 
T ~ Rr(s), where s depends on e. 
In Section 2 of our paper we shall prove some basic propositions about the sets 
~r and present some examples. 
In Section 3, using some known families of tournaments, whose existence is 
usually proved by probabilistic methods, we shall prove that ~r(s) ~ 0 for every r 
and s and that ~-2( 1 -- E) =t: 0. 
In Section 4 we introduce a non discrete approach in order to measure the 
'sinkability' of a given tournament. 
2. On the set ~,  
It is clear that the set ~ consists of transitive tournaments only. Since the 
cyclic tournament on 3 vertices, C3, does not belong to ~2, it follows that every 
tournament which contains (?3 does not belong to ~2 as well. Therefore ~2 
consists of transitive tournaments only and ~ = ~2. Thus, the first non-trivial set 
is ~3- 
Example 2.1. The cyclic tournament C3 is the smallest ournament belonging to 
~3 but not to ~2. 
Example 2.2. Consider the quadratic residue tournament on 7 vertices, Q TT. The 
vertices are the residue classes modulo 7 and x ~ y iff y - x = 1,2, 4 (mod 7). It is 
easy to verify that the following 3-colouring of e(QTT) implies that QT7 e ~3. 
I \ 
Example 2.3. Consider the rotational tournament R = R (3,5, 7, 8). The vertices of 
R are the numbers 0 ,1 , . . . ,9  and a vertex x dominates a vertex y iff 
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y-x  =3,5,7,8 (mod9). It can be verified either by a computer or by direct 
computation that every 3-colouring of e(R) induces a 2-colouring of some cyclic 
triangle; thus R ~ ~3. However, it can be easily seen that R • ~4. 
Definition 2.4. Let S and T be two tournaments with vertices s 1 , . . .  , s a and 
t l , . .  •, tb respectively. The composition of S with T, denoted by S o T is a new 
tournament which is obtained by replacing each vertex s~ of S by a copy of the 
tournament T, say T~, and if vi--> vj in S then every vertex of T/dominates every 
vertex of Tj in S o 7". (The vertex set of S- T is S x T and (s, t)---> (s', t') iff s = s' 
and t---> t', or s--> s'.)  
Proposition 2.5. (a) I f  S, T • ~r, then S o T • ~,. 
(b) There are regular tournaments with arbitrarily large numbers of  vertices 
which belong to ~3. 
Proof. (a) By our assumption, there are r-colourings cl and C 2 of S and T, 
respectively, such that R(S,  cl) = S and R(T,  c2) = 7". There is a natural colouring 
c of S o T induced by the colourings cl and c2, namely: If e = ((s, t), (s', t')) and 
s = s', then c(e) = c2(t, t') and if s ~ s', then c(e) = cl(s, s'). 
(b) In view of Examples 2.1 and 2.2 and the first part, (a), Proposition 2.5 
follows. [] 
Proposition 2.6. Every tournament with at most 6-2' vertices belongs to ~2t+3 
(t >~O). 
Proof. It can be easily checked that all tournaments on 6 vertices or less belong 
to ~3 (For a complete list of those tournaments see [4].) Proceeding by induction 
on t we can assume that n =6.2  t, where t1> 1. Let T be a tournament on n 
vertices and let A and B be two disjoint sets of 6 .2  '-1 vertices each. By induction 
hypothesis we can colour the tournaments induced by A and B with 2t + 1 colours 
without adding any edge in their corresponding reachability graphs. We define a 
(2t + 3)-colouring of T say c, as follows: The subtournaments induced by A and B 
are 2 t -  1-coloured as above, we complete the colouring of e(T)  by adding two 
additional colours, one for the edges which are directed from A to B and one for 
the edges which are directed from B to A. It is easy to see that R(T,  c) ~ T, thus 
Proposition 2.6 is proved. [] 
Remark 2.7. It can be deduced from Proposition 3.2 that the minimal r such that, 
every tournament on n vertices belongs to ~,, is not less than 
c log n 
log log n" 
Remark 2.8. We can not prove or disprove that every tournament of ~r contains 
r vertices uch that every other vertex dominates one of them. 
On Ramsey-Tur in type problems in tournaments 225 
3. On the sets ~(s )  and ~(a)  
Proposition 3.1. For every 0 < e <~ I, the set 3-2( 1 - e) is not empty. 
Proof. Let g(n) denote the maximum number of edges such that every 
tournament on n vertices contains a set of g(n) edges (called consistent) which 
agree with a certain linear order. It is known that g(n)>~1(2)+ cln3/2X/logn 
where cl is constant, see [6]. Let T~ be a tournament on n vertices for which 
the number of edges which agree with any linear order does not exceed ½(2)+ 
cln3/2VC~gn. In view of Remark 1.4 we get that R(T~, c) contains at least 
(2) + 1(2) -- cxn3/2V~g n edges for any 2 colouring c. Thus T2( 1 - e) ~ 0. [] 
Proposition 3.2. For every two positive integers r and s the set ~r(S) is not empty. 1
Proof. We shall use the following Theorems. 
Theorem A. For every n there exists a tournament on n vertices which does not 
contain a transitive subtournament on [log2n] + 2 vertices (see [4, p. 15]). 
Theorem B. I f  the edges of a tournament on n vertices are r-coloured, then the 
tournament contains a monochromatic directed path of length [~/n-  1]. (I.e., 
[ ' ( /n -  1] edges, see [3].) 
Theorem C. Let R(k, l) denote the minimal number n such that for every 
2-colouring of e( Kn) there is either a monochromatic Kk in the first colour, or a 
monochromatic Kt in the second colour. It is known that R(k, l) <~ (k ~;--12) (see [2, 
p. 77]). This upper bound implies that for every positive integer Cl there exists a 
positive integer c2 such that R([cl log2n], [c2 log2n]) <~ n for every positive integer 
n. 
Given r and s, by C, there is a positive number c such that R([log2((m - 1) r + 
1)] + 2, [clog2m]) ~< m for every m. Let m satisfy [clog2m]/> s, we shall prove that 
the tournament Tn on n = (m - 1) r + 1 vertices which does not contain a transitive 
subtournament on [log2((m - 1) r + 1)] + 2 vertices belongs to Rr(s). 
Let c be an r-colouring of Tn. By B, T~ contains a monochromatic directed path 
of length m - 1 (i.e., on m points). Denote the path by xl, x2 , . . . ,  xm, where 
xi--->Xi+l for i = 1, 2 , . . . ,  m - 1. Consider the following 2-colouring of the pairs 
of Km = {Xl, x2, • • •, Xm}: For i < j  we colour the pair (xi, xj) red if xi--->xj and 
blue otherwise. By our hypothesis on Tn it follows that there is no red complete 
subgraph of Km on [ log2((m- l ) r+  1)] + 2 vertices and therefore there exists a 
blue complete subgraph on [clog2m] vertices. This means that there are at least s 
vertices x i , , . . . ,  xis such that the direction of all edges which join them do not 
agree with the direction of the path. Since xi---> xj in R(T, c), whenever i <]  it 
1 This theorem and proof was discovered uring a discussion together with P. Erdtis. 
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follows that the subgraph of R(T, c) induced by the vertices xil, • • •, xis is K* and 
our proof is complete. [] 
In order to state our next proposition we recall the following definitions. 
Definition 3.3. Let k be a positive integer. A tournament T with Iv(T)[ > k is 
said to satisfy property Sk if for every k-subset of v(T),  say U, there is a vertex 
x • v (T) which is dominated by each vertex of U. 
We shall introduce a more restricted property [7]. 
Definition 3.4. Let k be a positive integer. A tournament T is said to satisfy 
property Mk if the following holds: For every transitive subtournament T1 of T 
with ]v(T1)l < k there exists a vertex x • v(T)  such that all elements of v(T1) 
dominate x. 
Remark 3.5. It is easy to see that if a tournament T satisfies Sk-1, then T satisfies 
Mk. 
Remark 3.6. It is known that for every k there is a tournament with less than 
ck22 k vertices which satisfies Sk. (Here, c denotes a constant, see [4, p. 29].) 
Example 3.7. It is not difficult to check that the quadratic residue tournament 
QR47 on 47 vertices atisfies M5 but it does not satisfy $4. 
Example 3.8. Denote by Ca- the tournament on 3" vertices which is obtained 
from the composition of n copies of the cyclic triangle Ca. It follows that: 
(a) Ca n is regular but it does not satisfy even $3. 
(b) Ca- satisfies Mn, however it contains a transitive subtournament on 
2 ~-vertices. 
Proposition 3.9. I f  T is a tournament which satisfies Mk, then T e R2(k). 
Proof. By induction on k. If k = 2, then T cannot be a transitive tournament, 
hence T •R2(2). Assume that the proposition holds for k and consider a 
tournament T which satisfies Mk+l. Let c be a 2-colouring of T. By Theorem 
S.S.W., there is a vertex x • v(T)  which is dominated in R(T, c) by all other 
vertices. Denote by S the set of vertices which x dominates in T. The 
subtournament of T induced by the vertices of S satisfies M~, because if 
T1 = Yl'-> Y2 -->" " " ' "> Yk', (k '<  k) is a transitive subtournament of S then T2 = x--> 
Yl --->" ""-->Yk' is a transitive subtournament of T and so there exists Yk+l which is 
dominated by all of the vertices of T2. But then Yk+l • S and all the elements of 
T~, dominate Yk+l. By the induction hypothesis R(S, c') contains KT, (here 
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R(S, c') is the reachability graph of S with respect o the induced colouring c' and 
it is clear that it is contained in the subgraph of R(T, c) induced by the vertices of 
S). Now, the subgraph of R(T, c) induced by S U {x} is K~+I and Proposition 3.9 
is proved. [] 
The main open problem in this connection is the following 
Problem. For a positive integer r, determine the function g(r) defined by: 
g(r) = sup{ tr ] T~(te) =~ ~t}. 
4. The 'sinkability' of a tournament 
We will now introduce the notion 'sinkability' of a tournament. 
Definition 4.1. Let T be a tournament, a vertex v of T is called a sink if it is 
reachable by a directed path from all other vertices of T. It is well known [1] that 
for every tournament T, the set of sinks is not empty. In fact every vertex of 
maximal in-degree is a sink and hence if T is regular, then every vertex is a sink. 
Definition 4.2. By a continuous colouring c of e(T) we mean a real valued 
function c:e(T)---> [0, 1] into the dosed interval [0, 1]. 
Definition 4.3. Given a tournament T~ on n vertices and a continuous colouring c 
of e(T). We associate with each sink v of T a real number as follows: 
1 
re(T,,, v, c )=~ ~ r(x, v) (1) 
n - 1 x ~v (r~)xtv } 
where 
r(x, v) = min{max c(ei)- min c(ei): el, e2 , . . . ,  es is a directed 
l<~i~s l<~i<~s 
path from x to v ).  
Definition 4.4. The function o:(Tn, v, c) measures the fitness of the vertex v to be 
a good sink for T, if the colouring c is given. Now, we define 
a~(T,, c) = min re(T, v, c) 
v~v(T)  
Definition 4.5. Finally, the sinkability of a tournament Tn, denoted by c~(T~) is 
defined as: 
a~(T.) = max{a~(T~, c)} 
over all continuous colourings c of e(T). 
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Remark 4.7. If T is a tournament which has a vertex which is dominated by all 
other vertices, then t r (T )= 0. 
Remark 4.8. From Theorem S.S.W. it follows that if c is a continuous colouring 
of e(T) which takes only the values 0 and 1, then re(T, c) = 0. 
Proposition 4.9. (a) For every tournament T, we have 0 <~ ol(T) < ½. 
(b) I f  T is a regular tournament, hen 0 <~ tr(T) <- ~. 
(c) I f  T is regular and T • ~r, then re(T) >1 1/2(r - 1). 
(d) I f  T is regular and T • 93, then o:(T) = ~. 
Proof. (a) If c is a continuous colouring of e(T), then c induces a 2-colouring of 
e(T), namely: e • e(T) is coloured red if c(e)<~ 1 and blue otherwise. Now, 
Theorem S.S.W. implies that o~(T)~< ½, but since a sink has positive in-degree at 
least one term in the sum (1) is zero, hence tr(T) < 1 and (a) is proved. 
(b) The proof is similar to that of (a). Since the in-degree of every sink is 
l(n - 1), at least ½(n- 1) terms in (1) are zero and (b) follows. 
(c) Since T • ~r, there is an r-colouring c, of e(T) s.t. R(T, c) ~ T. Represent 
those r colours by the r numbers i / ( r -1 ) ,  where i = 0, 1 , . . . ,  r -1  to get a 
continuous colouring c of T. Pick for v • v(T) one of the ½(n- 1) vertices x 
dominated by v. The fact that every v • v(T) is a sink and that R(T, c) ~ T imply 
that r(x, v)>1 1 / ( r -  1). Hence, there is a continuous colouring c of e(T) for 
which re(T, c) >1 ½(r - 1) and we get that re(T) i> l(r  - 1). Thus, (c) is proved. 
(d) Combining (b) and (c) we get (d). [] 
We conclude with the following two problems. 
Problem 1. Is there for every e > 0 a tournament T for which re(T) > ½ - e? 
Problem 2. Is there for every e > 0 a regular tournament T for which affT) < e? 
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